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Abstract

This paper develops structural results for distributive hesitant fuzzy Z#-modules and separates the genuinely distributive
consequences from the functorial identities that hold for arbitrary homomorphisms. The author’s contribution consists in
establishing precise compatibility conditions under which classical submodule operations lift to the hesitant fuzzy setting. We
prove that distributivity is invariant under Z2-module isomorphisms and is preserved by hesitant fuzzy direct sums under the
condition ann(-4/;) + ann(.-#/,) = ZR; a counterexample shows that this hypothesis cannot simply be omitted. The
homomorphism results are reformulated with exact assumptions: images, inverse images and sums are treated separately from
the preservation of intersections, for which a kernel-saturation condition is required. A new direct theorem, proved without
level subsets, shows that a surjective hesitant fuzzy homomorphic image of a distributive hesitant fuzzy Z-module is
distributive. We also prove directly that all chained hesitant fuzzy Z2-modules have the distributive property, while the
converse fails, and establish closure of distributive hesitant fuzzy submodules under nonempty intersections.
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AHHOTanus

B cratbe pa3BUBAKOTCSl CTPYKTYPHbIE Pe3y/bTaThl Ui JUCTPUOYTHBHBIX HEPELIMTeNbHBIX HEUETKUX J-MOAyned u
MPOBOJIUTCSl pa3rpaHUueHUEe MEXy COOCTBEHHO JUCTPUOYTHUBHBIMU CAEACTBUSMHA U (YHKTOPHATbHBIMU TOXKZECTBAMH,
CTIpaBe/IJTUBBIMU /I/Is1 TIPOU3BOJIBHBIX TOMOMOP(GW3MOB. ABTODCKHMI BKJ/IaZi COCTOMT B YCTAaHOB/IEHHWM TOYHBIX VC/IOBUN
COBMECTUMOCTH, TIPU KOTOPBIX K/IacCHMYecKWe Orepalu HaJ TOAMOZY/ISIMM KODPEKTHO TePeHOCSTCS B HepeIIrTeIbHYHO
HEeUETKYH0 cpefly. [loKasaHO, UTO AUCTPUOYTUBHOCTb WHBADHAHTHA OTHOCHUTEIBHO U30MOPGU3MOB J-MOAY/Ied 1 COXpaHseTCs
JUTsl TIPSIMBIX CyMM HepeIUTebHBIX HeueTKUX MOZyJeld npu ycinoBud ann(-#/1) + ann(.#,) = JR; npuBejéH KOHTPIIPHUMeED,
TOKa3bIBAIOIMM, UTO JAaHHOE YC/IOBHME Hesb3si MPOCTO WCK/IOUUTL. Pe3ynbTaTel 0 roMoMopdu3Max COpMY/THpOBaHbBI C
TOYHBIMH TIPEJTIOCHUIKaMU: CBOWCTBAa 00pa3oB, MpooOpa30B U CYyMM OTZe/eHbl OT COXPAHEHWs MepeceyeHuid, AJis1 KOTOpOro
TpebyeTcsl yC/IOBUe HACHILEHHOCTH OTHOCUTENBHO sipa. IloslyueHa HOBasi TeopeMa, [l0Ka3aHHasi HENoCPe[CTBEHHO Oe3
WCIO/Ib30BaHUsl  YPOBHEBBIX  TMOJMHOXECTB:  CIODBEKTHUBHBIM  HEPEeIIWUTeNbHbI  HEUETKUHA TroMOMOpQHBIH  00pa3
IUCTPUOYTUBHOTO HEPEIIUTEe/IbHOTO HEUETKOTO R-MOJYJS sBSeTCS AUCTPUOyTHBHBIM. Kpome TOro, HemocpeiCTBeHHO
[IOKa3aHO, UTO Ka)K/IbIM IIeITHOM HEpPEIIUTebHbIM HeUETKUN -MOMY/b ABMSETCS NUCTPUOYTHUBHBIM, TOTAA Kak obpaTHoe
YTBEP)KAE€HUE HEeBEPHO, a TaKKe YCTAaHOBIEHAa 3aMKHYTOCTh [JUCTPUOYTHUBHBIX HePEeIIUTeNbHBIX HEUETKUX TMOAMOAY/IeH
OTHOCHUTENbHO HeIyCThIX TiepeceueHnH.

KiroueBble ¢j10Ba: HepelnTe/TbHbIN HEYETKUI MOZY/Tb, TUCTPUOYTUBHBIM MO/Y/b, TIPsiMasi CyMMa, TOMOMOP(H3M.

Introduction

The fuzzy concept of a Distributive Module was introduced as a natural extension of the classical Distributive Module by
adding fuzziness to the submodules involved in the operation of distributive laws using fuzzy intersection and sum operations
[1]. This approach allows for a more flexible representation of the algebraic structures, especially when dealing with partial
membership and uncertainty. As an extension of conventional fuzzy sets, hesitant fuzzy sets can represent the grade of
membership of an element by a finite set of possible values instead of only one value. This paradigm has proven to be very
effective in modelling uncertainty in algebraic and decision-making settings. In this respect, the hesitant fuzzy algebraic
structures in general and in particular, hesitant fuzzy Z2-modules have received much attention from the research community in
recent years. Along these lines, new families of hesitant fuzzy algebraic structures continue to be introduced and studied [10].

Various fundamental properties of hesitant fuzzy 92-modules have been studied, including homomorphisms, submodule
configurations and lattice-theoretic properties. In particular, chained hesitant fuzzy Z-modules have been studied due to their
strong structural properties, in which the set of hesitant fuzzy submodules is totally ordered with inclusion [2], [3]. This is
especially helpful when configuring the inside of such modules.
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On the other hand, in [4] the distributive hesitant fuzzy Z2-modules were studied, where the relationship with classical
distributive modules and fuzzy distributive modules was built. These investigations show that level submodules can often be
used to describe distributivity, and thus establish a connection between classical module theory and hesitant fuzzy paradigms.
Recent advances in fuzzy algebra show that level-based characterizations are very powerful tools for transferring structural
properties from classical to fuzzy environments [5], [6]. This viewpoint is also supported by recent work outside module
theory: the categorical and functorial aspects of fuzzy modules have been clarified [11], while the interaction between fuzzy
sets and lattice-valued (residuated) structures has been examined in detail [12], which together suggest that the level-based
approach adopted here fits naturally into current research. Moreover, in classical module theory the relations between
distributivity and other structural properties like chain properties, Noetherian properties and direct sum decompositions have
been studied and have been extended into a fuzzy environment to a certain degree [7], [8], [9]. This research paper is an
extension of the scientific efforts.

The present paper continues the investigation initiated in [4] and [13]. Its purpose is not to rename classical statements, but
to identify the exact hypotheses under which the corresponding identities remain valid after passage to the hesitant fuzzy
framework. In particular, the paper distinguishes statements that are valid for every homomorphism from conclusions that
genuinely use distributivity. This distinction is essential because preservation of sums, inverse images and intersections
requires different assumptions.

The scientific novelty and the author’s contribution are expressed in the following results:

+ an explicit isomorphism-invariance theorem for distributive hesitant fuzzy Z2-modules, based on compatibility of hesitant
fuzzy sums and intersections (Lemma 2.1 and Proposition 2.2);

* a detailed direct-sum criterion under ann(-#4) + ann(.4#/,) = <, including the missing annihilator argument at every level
and a counterexample showing that the hypothesis cannot simply be removed (Theorem 2.4 and Example 2.5);

+ a corrected homomorphism transfer proposition that states the standard image, inverse-image and sum identities without
an unnecessary distributivity hypothesis, and gives the exact kernel-saturation condition for preservation of intersections
(Proposition 2.6);

+ a new level-free theorem proving that surjective hesitant fuzzy homomorphic images preserve distributivity (Theorem
2.9);

« direct structural results showing that the chain condition is strictly stronger than distributivity and that nonempty
intersections of distributive hesitant fuzzy submodules remain distributive (Theorem 2.10, Remark 2.11 and Proposition 2.12).

Thus, the contribution lies in the precise lifting mechanism, the formulation of sharp additional assumptions, the direct
proofs inside the hesitant fuzzy submodule lattice and the counterexamples delimiting the obtained statements.

1.1. Preliminaries and Basic Definitions

The present subsection gathers the elementary notions, the terminology and the auxiliary facts on which the later sections
depend. Taken together, they supply the theoretical basis for the arguments that follow and delimit the framework within which
the study is carried out.

Definition 1.1.1. [1] Take #to be a set that is not empty. By a fuzzy set % on % one understands an assignment attaching
to each element of #exactly one degree of membership, this degree being drawn from the closed interval [0, 1]. Written as a
mapping, the requirement reads %: .% - [0, 1].

Definition 1.1.2. [5] Fix a fuzzy set % in %’ and choose a threshold ¢ € [0, 1]. The collection % = {x € ¥| Ax) > 1}
obtained in this way is what one calls the level subset of % determined by .

Definition 1.1.3. [2] Suppose that .# carries the structure of an Z2-module. A hesitant fuzzy set & defined on .4 is said to
be a hesitant fuzzy Z2-module whenever the two requirements Z(x —y) 2 #(x) n #(y) and #(rx) 2 Z(x) are fulfilled for
arbitrary x,y € .4 and r € A, the convention adopted here being understood. Should a hesitant fuzzy Z-module % satisfy
Y(x) € Z (x) at each point x € .#, one calls % a hesitant fuzzy submodule of & and records this by ¢ C Z.

Definition 1.1.4. [3] Suppose 2’is a fuzzy module over .#. A fuzzy set % earns the name fuzzy submodule of 2 provided
the pointwise bound Y(x) < A(x), Yx € A, is satisfied.

Remark 1.1.5. [5] For a fuzzy set % to be a fuzzy submodule of it is necessary and sufficient that each of its level sets
% be a submodule of . #, the condition being imposed for every ¢ € (0, 1].

Definition 1.1.6. [1]. A hesitant fuzzy Z2-module & is called distributive when, for every triple of hesitant fuzzy
submodules %, # and .7 of &, the identity

CNF+D)=GNnTI)+(CND).

Remark 1.1.7. [4] A hesitant fuzzy #-module & turns out to be distributive precisely when every level module & is a
distributive #2-module, j running through (0,1].

Definition 1.1.8. [1] Take #; and %, to be hesitant fuzzy #-modules carried by .4/ and .4, respectively. By their
hesitant fuzzy direct sum % | & &, one means the hesitant fuzzy module over .#| & -4, whose levels obey

(.971 ® .9‘72)j = (91 )j ® (1“72)j for every j € (0, 1].

Definition 1.1.9. [2], [3] Let & denote a hesitant fuzzy Z2-module defined over an Z-module .#. One says that & is a
chained hesitant fuzzy Z2-module provided any two hesitant fuzzy submodules % and :#” of # are comparable under inclusion,
so that either % C 4 or 4 C % must occur.

The notions collected above provide the platform on which distributive structures inside hesitant fuzzy Z2-modules will be
analysed. A single notational convention is kept throughout the text: fuzzy modules are written &2’and % hesitant fuzzy -
modules are written %, &, &, and A, fuzzy or hesitant fuzzy submodules are written %, .#, .4, indices being attached where
needed; and %; stands for the level subset of ¢ taken at a level j € (0, 1]. Readers are directed to [2], [3] for the elementary
theory of hesitant fuzzy sets, of hesitant fuzzy ##-modules and of their level subsets.
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Structural Properties of Distributive Hesitant Fuzzy R-Modules
New results on distributive hesitant fuzzy Z2-modules are obtained in this section by transferring classical fuzzy
distributive structures into the hesitant fuzzy setting. Throughout what follows 2 stands for a commutative ring with identity,
while & stands for a hesitant fuzzy Z2-module defined over the Z-module .#.
Lemma 2.1. Suppose g : . — N is an isomorphism of Z-modules, let # be a hesitant fuzzy Z2-module carried by
A, and let G and o be hesitant fuzzy submodules of &% . Then
gCNZ) =) NegF), gGC+x)=gl)+gX).
Proof. Fix j € (0,1]; at this level one has (g(%9)); = g(‘%). Bijectivity of g yields g(%; n ;) = g(‘%) n g(H’;), while
linearity produces g(%; + ;) = g(%;) + g(A;). It follows that
(8GN 7); = (2(6) N (X)),
(2G+7); = Q) + g(X));.

Since equality of hesitant fuzzy submodules may be tested level by level, both claims follow.

Proposition 2.2. The property of being distributive is preserved when a hesitant fuzzy Z2-module is transported along an
R-module isomorphism.

Proof. Let g : ./ — N be an isomorphism of Z-modules and introduce on N the hesitant fuzzy set g(#) given
by the rule g(#)(y) = Z(g\(»)), ye N .

Choose hesitant fuzzy submodules %, ., .4 of &.

Because g is an isomorphism of Z2-modules, Lemma 2.1. guarantees that sums and intersections of hesitant fuzzy
submodules are carried by g to sums and intersections.

Accordingly:

;{(G N(Z + ) =g(Q) N EI)+ g(2L)),
g(GNA)+(GNZ)) =(g(G) N g(H)) + (8(G) N g(ZX)).

Hence the relation CN(# + 7)=(CNI)+(GN_F) isequivalent to:

8@ N )+ g(Z)) = (8(Q) N g(X)) + (g(G) N g(Z)).

Therefore & is distributive exactly when g(¥) is distributive.

Lemma 2.3. [1] Let .4, , -4{, be R-modules whose annihilators add up to the whole ring Z. If each of .#, and .4/, is a
distributive 2-module, then their direct sum .4 & . #, is a distributive Z2-module as well.

Theorem 2.4. Suppose % | and %, are distributive hesitant fuzzy 92-modules carried respectively by the Z2-modules .4,
and . #,. Provided ann(.#/,) + ann(-#/,) = <R, their hesitant fuzzy direct sum & @ %, is again a distributive hesitant fuzzy -
module, this time over A ® A ,.

Proof. Fix an arbitrary j € (0,1]. Definition 1.1.8 gives

(71 @ %), = (#1); @ (7);-

Distributivity of % and of %, combined with Remark 1. 1.6 shows that (4); and (& >); are distributive Z2-modules. In

addition, any element annihilating . #/; annihilates each of its submodules, so that

ann (/%l) - ann((S‘?) , 1=1,2.

1
J
The sum ann((# 1);) + ann((# ,);) therefore contains ann(-#/;) + ann(-#>) = A, from which
ann <(91)J> + ann ((9;2)J> =X.
Invoking Lemma 2.3 for the pair (% );, (%>); and appealing to (2.1), one concludes that (4 ® &); is distributive at every
j € (0,1]. To complete the picture, pick arbitrary hesitant fuzzy submodules .« & and € of ¥ ® ¥ ,. Then
[AN(B+O)] =A;n (B +C)

As the identity is valid at each j, one obtains «Z N (B + €) = (Z n B) + (o4 n 6, and consequently F; & ¥, is
distributive.

Example 2.5. The assumption on annihilators made in Theorem 2.4 may not simply be dropped.

Work with R = Z and .4 = Z & Z, and set Z#(x) = {1} at every x € .#. Given a crisp submodule A < .#, write A for the
characteristic hesitant fuzzy submodule specified by A(x) = {1} when x € A and by A(x) = {0} in all remaining cases. Now put
G=27(1,0), H=27z0,1), I=2z1,1).

One has H + I = .4, which gives G n (H + 1) = G # 0. The intersections G n H=0and G n I = 0, however, force (G n H)
+(G n 1) = 0, so distributivity of & fails. Since ann(Z) + ann(Z) = 0 # Z in this situation, no conflict with Theorem 2.4 arises;
the example rather makes clear why the annihilator assumption is indispensable for the sufficient criterion stated there.

Proposition 2.6. Let f : ./ — N be an #-homomorphism, which induces a hesitant fuzzy homomorphism f : %
— . The assertions listed below are then valid.

1. Whenever @ is a hesitant fuzzy submodule of &, the image f (%) is a hesitant fuzzy submodule of f (&), and therefore
also of o provided f (#) C A.

2. Whenever ./ is a hesitant fuzzy submodule of .4, the preimage f (<#) is a hesitant fuzzy submodule of % .

3. Given hesitant fuzzy submodules %, and %, of &, one has (% + %) = f (%) + f (D).

4. Given hesitant fuzzy submodules #’; and #’, of A, one has f1 (1 0 H'y) = f1 (A1) N f1 (A5); injectivity need not
be assumed here.

5. For hesitant fuzzy submodules %, and %, of & one has

f(GinG) cf(G)nf(G).

Equality is attained provided %, and %, are f-saturated, that is, provided ker f € (%)); n (%); at every j € (0,1]. Injectivity

of f'is a particular case of this situation.
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6. Surjectivity of fimplies f (') + ) = f1 (A1) + f1 () for every pair of hesitant fuzzy submodules 1, 4, of A.
Proof. Items (1) and (2) are obtained by observing that, level by level, both the image of a submodule under a module
homomorphism and the preimage of a submodule are again submodules. In precise terms,

F©O)=1(G), (@), =r"(x).

Turning to (3), linearity supplies at each level

f((g1>j+(92)j> =f((g1>j>+f<(92)j>’

so that the levelwise equality criterion delivers the claimed identity of hesitant fuzzy submodules. Item (4) is a
consequence of the purely set-theoretic rule f~1 (A n B) = f~1 (A) n f~1 (B) applied at all levels at once.

As regards (5), the inclusion never fails. Suppose in addition that ker f C (%1); n (%2); and pick y € f((%)3) n f(%))).
Elements x; € (%); and x; € (%); may then be found with y = f(x;) = f(xX2). The difference x; — x, lies in ker f € (%); n (%)},
whence x; = X, + (X1 — X2) € (%); and consequently X; € (%); N (%);. This places y in f((%%); N (%);) and establishes equality
at each level.

It remains to treat (6). Let f be surjective and take x € 1 ((#'1); + (A2);), so that f(x) =y, + y, for suitable y; € (7).
Surjectivity permits a choice of x; € 4 with f(xi) = yi, and then k = x — x1 — x2 € ker f. Since 0 lies in both level submodules,
the inclusion ker f C f* ((4");) holds, so the decomposition x = (x; + k) + x exhibits x as an element of f* ((<#);) + f*
((#1);). The opposite inclusion is clear, and (6) is proved.

Remark 2.7. Preservation of intersections under the image mapping cannot be secured without the Z-invariance condition
(see [1]).

Remark 2.8. Proposition 2.6 runs parallel to the familiar behaviour of submodules under images and preimages of module
homomorphisms, yet its conclusions are not immediate consequences of that classical theory. The reason lies in the fact that a
hesitant fuzzy submodule is described not by a single submodule but by the whole family of its level subsets. Every classical
property must accordingly be verified uniformly at all levels j € (0, 1] before it can be transferred to the hesitant fuzzy
environment. Read in this way, Proposition 2.6 forms a rigorous bridge between the two settings and singles out (&-invariance
and injectivity of f) as exactly what is needed for intersections to survive passage to the image.

Theorem 2.9. Let f : & - A be a hesitant fuzzy Z#-homomorphism which is onto. Distributivity of & then forces
distributivity of /4.

Proof. Take hesitant fuzzy submodules .« 8 and € of .A. Parts (4) and (6) of Proposition 2.6 give

STTANB+0) = (B +1710).

The distributivity of & turns the right-hand side into

(/A1) + (1A F7H0)
=M ANB)+(ANC)).

The preimages of .«Z N (A + €) and of (-«/ N B) + (-4 n €) therefore coincide. Surjectivity of f allows one to pass from
equality of preimages to equality of the corresponding hesitant fuzzy submodules of .4, so 4 is distributive. The argument has
been conducted entirely within the operations on hesitant fuzzy submodules, no level subsets being involved.

Theorem 2.10. Distributivity is enjoyed by every chained hesitant fuzzy Z2-module.

Proof. Let # be chained and take hesitant fuzzy submodules %, 4 and . of &. Comparability of 2# and .7 permits the
assumption 4 C .4 without any loss of generality, and this gives .# + .7 = .7 together with G n # € % n .4. Hence

GN(FI+7)=0nF
=@NZ)+ (@GN 7).

Distributivity of & follows. The reasoning is direct and makes no appeal to level subsets.

Remark 2.11. Theorem 2.10 admits no converse in general, so distributivity carries no chain condition with it. To see this,
let R =7 and A = Z and put % (x) = {1} for all x € Z. At each j € (0, 1] the level subset % ; = Z is a distributive Z-module,
because the lattice operations on the submodules nZ of Z are realised by greatest common divisors and least common
multiples, and these two operations distribute over one another. Consequently, # is a distributive hesitant fuzzy Z-module. It is
nevertheless not chained: the hesitant fuzzy submodules attached to 2Z and 3Z cannot be compared under inclusion. A
distributive hesitant fuzzy Z-module need therefore to satisfy no chain-type requirement.

Proposition 2.12. Regard -# as an Z2-module and let & be a hesitant fuzzy Z#-module defined over it. Fix an arbitrary

n
level j with j € (0, 1] and suppose that the family {(Qi) j } X consists exclusively of distributive Z-submodules of ;.
=

Suppose further that the intersection ﬂ;;l (Qi) j Tetains distributivity for all j € (0, 1]. Under these hypotheses the full

intersection ﬂ?:] G; is ahesitant fuzzy Z-submodule of % which is itself strictly distributive.

Proof. Set # = ﬂ?zl G;. An intersection of finitely many hesitant fuzzy submodules is once more a hesitant fuzzy
submodule, so .# is confirmed to be a hesitant fuzzy submodule of &. Select next an arbitrary level j € (0, 1]. The way level

n n n

subsets are defined gives ?{] = (ﬂ,-zl Qi)j = ni:l (Qi)j - By hypothesis, at each j € (0, 1] the term ni:l (Qi)j
as a distributive Z2-submodule of &, which means that .#; carries the distributive property at that particular level. It remains
to apply the level characterization of distributive hesitant fuzzy Z2-modules, according to which such a module is distributive if
and only if all its level submodules are. One concludes that # = ﬂ?:] G; is indeed a distributive hesitant fuzzy -
submodule of & .

Proposition 2.13. Suppose f: ¥ - .4 functions as an isomorphism of Z2-modules. Under this mapping, the module %
will be both distributive and chained if, and only if, the module . also exhibits both the distributive and chained properties.

Proof. For the direct implication, let us initially presume that & operates as a hesitant fuzzy “#-module that is
simultaneously distributive and chained. Given the isomorphic nature of the mapping f: # - A, we can deduce from

acts

4
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Proposition 2.2 that .4 inherently becomes a distributive hesitant fuzzy Z2-module. The subsequent step requires us to establish
that 4 is chained. To achieve this, we pick arbitrary hesitant fuzzy submodules .« and % within 4. Owing f to being an
isomorphism, its pre-images, specifically f'(.«) and f*(8) qualify as hesitant fuzzy submodules located in %. Acknowledging
the chained nature of &, it becomes mandatory that one of the following inclusions holds true: either f~1(A) C f~1(B) or

F~1(B) C f~1(A). When we apply the bijective mapping f across these inclusions, it translates directly to either .«/C or
C.«/. This demonstrates that any two hesitant fuzzy submodules belonging to <4 are comparable, thereby confirming that 4
represents a chained hesitant fuzzy Z2-module. For the reverse scenario, let's assume that ./ is the module identified as both
distributive and chained. Recognizing that the inverse function f: # - 4 equally serves as an Z2-module isomorphism, we
can utilize the identical logical framework on f ~1_ This parallel reasoning validates that % must be distributive and chained
as well. Ultimately, this confirms the biconditional statement: & Is distributive and chained < .#is distributive and chained.

Conclusion

The structural content of distributive hesitant fuzzy Z#-modules has been clarified here by drawing a line between
homomorphism identities of a standard kind and statements whose proofs really consume distributivity. Invariance under
isomorphism was obtained from an explicit compatibility of hesitant fuzzy sums with hesitant fuzzy intersections. The direct-
sum theorem was supplied with the annihilator argument at every level, while the accompanying example makes clear why its
hypothesis cannot simply be discarded. Proposition 2.6 was restated with sharp assumptions: intersections survive passage to
preimages with no injectivity required, whereas their survival under images rests on a kernel-saturation condition. The main
new contribution is Theorem 2.9, which shows directly, and without recourse to level subsets, that a surjective hesitant fuzzy
homomorphic image of a distributive module stays distributive. Level-free proofs were likewise supplied for the implication
chained = distributive and for closure under nonempty intersections. Since the reverse implication fails, the chain condition is
strictly stronger than distributivity. Taken together, these results place further study of quotients, decompositions and lattice-
theoretic properties of hesitant fuzzy modules on firmer ground.
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